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Abstract 

In this paper we consider a non-atomic invariant hyperbolic measure /x of a 
<^ \ C 1 diffeomorphsim on a compact manifold, in whose Oseledec splitting the stable 

bundle dominates the unstable bundle on u a.e. points. We show an exponentially 
shadowing and an exponentially closing lemma, and as applications we show two 
classical results. One is that there exists a hyperbolic periodic point such that the 



closure of its unstable manifold has positive measure and it has a homoclinic point 
from which one can deduce a horseshoe. Moreover, such hyperbolic periodic points 
are dense in the support supp(u) of the given hyperbolic measure. Another is to 
X/y ■ show Livshitz Theorem. 

q 

1 Introduction 

Let M be a compact .D- dimensional smooth Riemannian manifold and let p denote the 
distance induced by the Riemannian metric. Denote the tangent bundle of M by TM. 
Denote by Diff^M) the space of C 1 diffeomorphisms of M. Hereafter let / G Diff 1 (M). 
Before stating our result we firstly introduce some notions. 

We begin with the notions of invariant measure and ergodic measure. A Borel mea- 
sure /J, is said to be /—invariant, if /i(/ _1 (I?)) = p(B) for all measurable sets B. An 
/—invariant measure /i is said to be / ergodic, if the only measurable sets B with 
f^ 1 (B) = B satisfies fi(B) = or p(B) = 1. Given an invariant measure /i, by the Os- 
eledec theorem [12], there is a Borel set L(fi) satisfying /Z/(/i) = L{jj) and = 1, 
called Oseledec basin of /i, such that for every x G L(p), there exist 
(a) real numbers, called Lyapunov exponents, 



Ax(x) < A 2 (» < • ■ ■ < X w{x) (x) (W(x) < D) (1.1) 

(b) positive integers mi(x), ■ • -, m w ^(x), satisfying m\{x) + ■ • • + m W ( x )(x) = D; 

(c) a measurable splitting T X M = E\ © • • • © E^^ with dim£* = m^x) and Df(Ei) = 
E 1 ^^, such that 

n— >±oo n 
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with uniform convergence on {v G E l x | ||t>|| = 1}, % = 1, 2, • • • , W(x). 
In particular, if \i is ergodic, Aj(x), mj(x), W(x) can always be constants for \i a.e. x. 
Now we recall the notion of hyperbolic invariant measure. 

Definition 1.1. We call an f invariant measure fi to be hyperbolic, if 

(1) none of the Lyapunov exponents for fi are zero; 

(2) there exist Lyapunov exponents with different signs. 

If is an / hyperbolic invariant measure, then from Oseledec theorem above there is 
R(x) G N such that Xr( x ) < < \r( x )+i in the inequality (II. ip . Let 

E s (x) := El@ - ■ - @E^ 

and 

E u (x) := E^ +1 ® ■ ■ ■ ® E^ x \ 

then we get a measurable Df— invariant splitting T X M = E s (x) © E u (x) on L([x), called 
Oseledec 7 s hyperbolic splitting of /i. We call E s (-) to be the stable bundle and call E u (-) 
to be the unstable bundle of \i. 



Definition 1.2. We call an f invariant measure fi to be hyperbolic with a fixed index, if 
fi is hyperbolic and for \i a.e. x, the dimension of the stable bundle (composed by Oseledec 
bundles whose Lyapunov exponents are negative) are constant, i.e., dim(E s (x)) = i for 
some positive integer i. 

Denote the minimal norm of an invertible linear map A by m(A) = We 
recall the notion of dominated splitting. Let A be an /—invariant set and T&M = E © F 
be a Df— invariant splitting on A. T&M = E © F is called to be (So, A)-dominated on A 
(or simply dominated), if there exist two constants S G Z + and A > such that 

llog "fn^l ^ ~ 2A > Vx G A, S > S . 

Note that dominated splitting can be extended to its closure, even neighborhoods and 
dominated splitting is always continuous (see [2]). Let x G M and T 0rb ^M = E © F 
be a Df— invariant splitting on the orbit Orb(x) of x. We call T 0rb ^M = E © F to be 
dominated at x, if T 0rb ^M = E © F is (5*0, A)-dominated on the set A = Orb(x) for 
some So = S (x) G Z + and A = X(x) > 0. Note that dominated splittings at different 
points admit different So and A. 

To state (exponentially) shadowing lemma and closing lemma we need some notions. 
Given x G M and n G N, let 

{x, n} := {f J (x) | j = 0, 1, ••• , n}. 

In other words, {x, n} represents the orbit segment from x to f n (x) with length n. For 
a sequence of points {x^fj^^ in M and a sequence of positive integers {^4)^00, we 
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call {xi, rii}^^^ a 5-pseudo-orbit, if p(f Hi (xi), Xj+i) < 5 for all i. Given 6 > and 
77 > 0, we call a point x G M an (exponentially) (77, #)-shadowing point for a pseudo-orbit 

{Xi, ^}t"oo' if 

p(P +j (x)J j (X t )) <?7 . e — inO>^}^ 

V j = 0, 1, 2, • • • , rij and V i G Z, where q is defined as 

{0, for i = 

-E7i n i' fori<0. 
We call a point x G M an ^-shadowing point for a pseudo-orbit {xj, 

}f=-oo> if 

p{r i+j (x),r(x i )) < v , 

V j = 0, 1, 2, • • • , rii and V i G Z. 

Since hyperbolic invariant measure can be always divided into at most D = dim(M) 
hyperbolic invariant measures with fixed indexs, for convenience, in this section we always 
suppose that 

"/ G Diff^M) and preserves a nonatomic invariant hyperbolic measure fx with a fixed in- 
dex & the Oseledec's hyperbolic splitting T X M = E s (x)®E u (x) is dominated at \i a.e. x." 

Now we start to state our main results as follows. 

Theorem 1.3. For each r > 0, there exist a compact set A T C M, 9 T > and T r G N 
such that /x(A r ) > 1 — r and following two properties hold. 

(i) (Exponentially) Shadowing Lemma: For V 77 > 0, i/iere exists 5 = 5(t,t)) > snc/i 
£/ia£ i/ a S -pseudo- orbit {xi, nj}^^ satisfies n-i > T T and Xi, f ni (xi) G A r for all i, then 
there exists an (exponentially) (r),9 T ) -shadowing point x G M for {x^n^}^?^. If further 
{xijU^fj^^ is periodic, i.e., there exists an integer m > such that Xj +m = Xi and 
ni +m = Hi for all i, then the shadowing point x can be chosen to be periodic. 

(ii) Stable Manifold Theorem; There exists a > such that all points in A*(cr) have 
uniform sizes of stable and unstable manifolds, where A*(cr) denotes the union set of A T 
and the set 

{z G M I 3 pseudo-orbit {xi, n^fj^^ satisfying > T T and Xi, f ni (xi) G A r 

for all i such that z is a a — shadowing point for {x^ nj}^^}. 

Moreover, if x,y G A*(cr) and are close enough, then the (local) stable manifold x is 
transverse to the (local) unstable manifold of y. 

Remark 1.4. The assumption of fixed index is to provide that the dimensions of the stable 
bundles are always consistent. In the present paper we always assume that the dimensions 
of the stable bundles are all the same. 
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Theorem 1.5. (Exponentially Closing lemma) For each r > 0, there exist a compact set 
A T C M, 9 T > and T T e N snc/i i/iat /x(A r ) > 1 — r and following two properties hold, 
(i) (Exponentially) closing Lemma: For V 77 > 0, there exists (3 = /3(t, 77) > stzc/i t/ia/j i/ 
/or an orto segment {x, n} with length n > T T , one has x, f n (x) G A r and p(x, f n {x)) < j3, 
then there exists a hyperbolic periodic point z = z(x) G M satisfying: 

(1) f n (z) =z; 

(2) p(f j {x), f j (z)) < n ■ e~ min ^ n -ti e % j = 0, 1, • • • ,n- 1. 

(mJ Stable Manifold Theorem; There exists a > STxc/i iaai a// points in A|(cr) nave 
uniform sizes of stable and unstable manifolds, where A* (a) denotes the union set of A r 
and £/ie set 0/ periodic points nearby A T 

{2: £ M I 3 2, n > T T withxj"(x) e A T s.t = Zj f (z)) < a, < i < n}. 

Moreover, ifx,y G A* (a) are c/ose enough, then the (local) stable manifold x is transverse 
to the (local) unstable manifold of y. 

As consequences of Theorem 11.51 we show two results. One is about the positive- 
measured property of the closure of unstable manifolds of hyperbolic periodic points and 
another is about Livshitz Theorem. 

Theorem 1.6. There exists a hyperbolic periodic point with homoclinic point (Hence 
there exists horseshoe) such that the closure of its global unstable manifold has positive 
measure. Moreover, the support of the measure // is contained in the closure of such 
hyperbolic periodic points. 

Remark 1.7. In the C 1+a case, the existence of horseshoes can be found in [131 [7] and the 
result that the closure of unstable manifold of the shadowing periodic point is of positive 
measure can be found in [TB] by Ugarocovici. Moreover, we point out that we can also use 
closing lemma to get the second result in [IE] , since closing lemma is enough to prove(Here 
we delete the details). Some discussion of existences of periodic points with homoclinic 
points for ergodic hyperbolic measures with dominated splitting of C 1 diffeomorphisms 
also appeared in [5J Q2] . 

In fact, we can find that 77— closing(i.e., p(f l (x), f l (z)) < 77, i = 0, 1, ••• ,n — 1) 
is enough to the proof of Theorem 11.61 However, the proofs of some other properties 
need the inequality (2) of Theorem 11.51 For example, we show such a theorem(Livshitz 
Theorem) as follows, which is obtained by Katok [8] for the C 1+a case (also see [TO] [3]). 

Theorem 1.8. Let ip : M — > R be a Udder continuous function such that for each 
(hyperbolic) periodic point z with f m {z) = z, we have YlT=o V 9 (/ 4 (- 2 )) = 0- Then there 
exists a Borel measurable function ip such that 

(p(x) = tp(f(x)) -4>(x) 

holds for p almost every point x. 

This paper is organized as follows. In Section |2] and [3] we introduce stable manifold 
theorem in the C 1 case and in Section H] we use this stable manifold theorem and the 
shadowing lemma in [T5] to get exponentially shadowing lemma. In Section we give a 
proof of Theorem 11.31 and in Section |6] we give the proof of Theorem 11.61 and 11.81 
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2 Dominated Splitting and (Center) Stable Manifold 



Let ii = (—1, 1) be the open unit ball and I t = {x G M : |x| < e} the open e— ball. Denote 
by Emb(Ii, M) the set of C 1 embeddings of I\ in M, equipped with the (uniform) C 1 
topology. In this section we always suppose that 

" A is a closed /—invariant set & there is a dominated splitting T&M = E © F over A." 

The following lemma is taken from j6] about the existence of center stable and unstable 
manifolds for a dominated splitting. 

Lemma 2.1. ([6]) There exist two continuous functions 9 CS 
qcu . ^ E mo (i x ^ such that the following properties hold: 

(a) e cs (x)(0) = x and 6 cu {x){0) = x. 

(b) T x W™(x) = E(x) and T x W™(x) = F(x), where W?{x) 
9 cu (x)I e . 

(c) For < ei < 1 there exists < £2 < 1 such that 

/GO*)) c w^(/(x)) 

and 

r\W£(x)) C W™(f-\x)) 

for all x G A. 

The manifold W cs is called the (local) center stable manifold and W cu the (local) 
center unstable manifold. They are only locally invariant. Generally, this kind of invariant 
manifold is not unique. So when we use center invariant manifolds for analysis, we will 
(henceforth) fix a family in discs in Lemma 12.11 

Now let us consider whenever the center stable and unstable manifold are the truth 
ones. 

Proposition 2.2. For K G N, C > and < A < A < 1, there exist e = e(K, C, A, A) > 
and C = C(K, C, A) > 1 such that if for x G A ; there is a two-sided sequence of integers 

■ ■ ■ < t- 2 < t-i < t = < ti < t 2 < ■ ■ ■ 

with ti — ti-x < K for all i satisfying 

i-l 

U\\ D f tj+1 ^\E(f Hx)) \\<CX u 

3=0 

and 

-i+l -i 

H \\Df^\ F{fj {x)) \\ < CX-^iin other words, J] m{Df^\ F{fj{x)) ) > CA*" 4 ) 

3=0 j=~i 

for all i G K, then for any < e < eo 

diam{f n W™{x)) -> n and diam(f- n W™(x)) ->„ 0, 



: A -> Emb{h,M) and 
= 9 cs (x)I e and W™(x) = 



5 



i.e., the center stable manifold of size e is in fact a stable manifold and the center unstable 
manifold of size e is in fact an unstable manifold. Moreover, for all n > 1, 

diam(rW?(x)) < --„ 
diam(W e cs (x)) 

(in (I 

diam(r n W™(x)) < --„ 
diam(W^ u (x)) ~ 

Proof of Proposition I2T21 Let A be a compact invariant set and T&M = £©Fbea 
Df— invariant dominated splitting over A. By Lemma [2. II the center stable and unstable 
manifolds exist. Here fix a small constant r G One chooses a small constant 

5 > such that for any x G A, any point y G W^ s (x) with p(x,y) < 5 and any vector 
v G T y Wi s (x) and 1 < j < L we have 

\\D y f ■v\\<^\\Df\ E{x) \\-\\v\\. 

Let (7/ > 1 be a bound on the norm of the derivative Df. Define 

'f 

Let e > small enough such that 



C = max{Cf • C ■ \~ K , 1}. 



5_ 



for all y G A. Let < e < e . Write n = ti + q where < q < t i+ i — tj < K. Since 



diam(W/ e c o s / cu (y) < ^ 



then one deduces inductively on n, 



Note that 



diam{f n W™{x)) 

< C) ■ W-} r^^ WDf^l^^W ■ diam(Wr(x)) 

< Cf ■ r u ■ C\ u ■ diam{W? s {x)) 

< C\ n -diam{W e cs {x)). 



diam(f n W € cs (x)) < CX n ■ ^ = A n ■ 5 < 5, 



so that the induction can go on and on. Moreover, 

diam{f n W e cs {x)) <X n -5, 

which goes to as n — > +oo. 

Similarly, one has get the result for the unstable manifold. □ 

The following corollary is a direct consequence of the continuity of W cs ^ cu (x). 
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Corollary 2.3. There exists eo > such that for any < e < eo, there exists 5 = 5(e) 
such that for any x,y G A, if p(x,y) < 5, then W° s (x) and W° u (y) are transversal and 
have a unique intersection point. 

Furthermore, we also have such a corollary directly from condition (c) in Lemma 12.11 
and the continuity of W cs ' cu (x). 

Corollary 2.4. There exists eo > such that for any < e < eo, there exists 5 = 5(e) 
such that for any x G A, 

a) ify G W?(x) andp(f- l (x),r l (y)) < 5 then t\y) G W^f-^x)); 

b) ifye W e cu (x) and p(f(x)J(y)) < 5 then f(y) G W e cu (f(x)). 

Remark 2.5. Similar discussions of above results in this section for C l surface diffeomor- 
phisms also appeared in [TH [S] . 

3 Stable manifolds on Pesin blocks 

In this section all statements are independent on measures. The main aim of this section 
is preparing stable manifold theorem on Pesin blocks for proving Theorem 11.31 

3.1 Pesin blocks, Pesin set 

In this subsection we recall the definitions of Pesin blocks and Pesin set from [T5] (with 
little modification). 

Definition 3.1. Given K G N, C > 0, and for all k G Z + , we define = Ak(K, £) to 
be all points x G M for which there is a splitting T X M = E(x) © F(x) with the invariance 
property D x f(E(x)) = E(f(x)) and D x f(F(x)) = F(f(x)) and satisfying: 

E(fo K +Ux))\\ _ 

(G) - IKVr -~ C ' 



V I > k, V <r < K-l; 



( ,v log m(Df r \ F{r iK-r {x)) ) + J2jLAogrn(Df K \ F{P K {x)) ) 

[l IK + r - C ' 

V I > k, V0<r<if-1; 



(c). T^ l D Dn fl{X)) \ <-^ V/GZ,L>K 

' '\F(f'(x))> 



L *m(Df L \ 
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Denote by A = A(K,() the maximal f— invariant subset of [J k>1 Ak, meaning 

A=fV n (U A *)- 

neZ fc>l 

We call A a Pesin set and call A k {k > 1) Pesin blocks, (see Figured to explain (a) and 
(b), respectively). 




Figure 1: Graph to show (a) and (b). 

Remark 3.2. 1. Every Pesin block in present paper is contained in the original Pesin set 
defined in [15], since conditions (a) and (b) are same and the condition (c) implies the 
original condition (c) in |15j . 

2. Following similar discussion in [15], we also have that A k {K, () are an increasing 
sequence of closed subsets of M. The fact that the splitting is continuous on A k (K, Q is 
obvious, since the splitting is dominated on the invariant set U n£ zf n Ak(K, () by condition 
(c) and dominated splitting is always continuous [2]. 

Now let us define a set which contains the Pesin block and the points nearby Pesin 
block. Let o > 0. Define A* k (K, (, a) as the union set of A k (K, () and 

{z G M | 3 pseudo-orbit rij}^^ satisfying > 2kK and Xi,f ni (xi) G A k (K,() 

for all i such that z is a a — shadowing point for {x iy nj}^^}. 

3.2 Uniform size of Stable Manifolds on Pesin blocks 

From condition (c) in the definition of Pesin block A&, the two bundles are dominated on 
invariant set Ui e z/'(Afc) and then on its closure, since dominated property can always be 
extended on the closure even neighborhoods. Thus, combining condition (1) and (2) it is 
easy to get the following corollary from Proposition 12. 2\ which shows that for every Pesin 
block Afc, the (un) stable manifolds of i G Aj. exist and have uniform length. 
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Corollary 3.3. For K 6 K, ( > ( > and k > 1, there exist e = e(K,(,(,k) > 
and C = C(K, k, £, Q > 1 such that for any < e < e and /or a// a; G A fc = A k (K, Q, 
diam(f n W^ s (x)) — >- n and diam(f~ n W^ u (x)) — >■„ ; z.e. ; £ae center stable manifold of 
size e zs m /act a stable manifold and the center unstable manifold of size e is in fact an 
unstable manifold. Moreover, for all n > 1, 

diam{rW?{x)) < ^ e _ ? - n 
*am(W / e cs (x)) ~ 

and 

dtam(f- n Wr(x)) < Ce _- Cn 
diam(W 6 cu (x)) ~ 



Proof of Corollary 13.31 Let A := ^i^zf l {A k ). Clearly A is a compact invariant set 
and TaM = E © F be a -D/— invariant dominated splitting over A, due to condition (c) 
in the definition of Pesin block A k . 

Let A := A(C) = e"f , A := A(C) = e~t and define C := C(C, fc, = {e c • C/} fcK where 
(7/ > 1 be a bound on the norm of the derivative Df. Then for x E A k , by the first and 
second condition in the definition of A^ one has 

rfiZollD f K \ E {p Kx)\\ < CX lK 

and 

n f =J||-D/~ U(/-i«a;)|| < C\~ lK 
for all / > 1. Clearly for all x E A*., the sequence in Proposition 12.21 can always be chosen 
{tj = zi^V^t?^. So using Proposition 12. 2[ the stable and unstable manifolds on A k can be 
chosen of uniform size only dependent on K, C, A, A and thus only dependent on K, (, (, k. 
So we can complete the proof. □ 

Moreover, we can get uniform size for stable and unstable manifolds for all points in 
A* k (K, (, cr) if a is small enough. 

Proposition 3.4. For K E K, ( > ( > and k > 1, there exist a = a(KX,(,k) > 
0, e = e(K, C, (,h) > and C = C{K, k, (, () > such that 

(1) For any < e < e and for all x E A* k (K,(,cr), diam(f n W^(x)) ->•„ and 
diam(f~ n W^ u (x)) — > n 0, i.e., the center stable manifold of size e is in fact a stable mani- 
fold and the center unstable manifold of size e is in fact an unstable manifold. Moreover, 
for all n > 1, 

diam(rW e cs (x)) < Ce _^ n 
diam(W^ s (x)) 

and 

dtam(f- n Wr(x)) < Ce _- Cn 
diam{W^ u (x)) ~ 

(2) For any < e < e , there exists 5 = 5(e) such that for any x,y E A* k (KX,a) if 
p(x,y) < 5, then W^ s (x) and W^ a (y) are transversal and have a unique intersection point, 
and thus the stable manifold and unstable manifold are transversal and have a intersection 
point. 
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Proof Let ej = 6q((, (, k, K) and C\ = C(K,k,(,() > be the eo and C as in 
Corollary 13.31 and thus the center stable and center unstable manifolds of all x G A^if, Q 
are the truth stable and unstable manifolds, and their sizes are at least ej. 

Let Ai := Ujez/^Afc). Clearly Ai is a compact invariant set and T^M = E © F be a 
-D/— invariant dominated splitting over Ai, due to condition (c) in the definition of Pesin 
block Afc. Since dominated property can be extended to its neighborhoods (see [2]), we 
can take an open neighborhood U = B^ij) = {x \ p(x, A x ) < r} (for some small r > 0) 
of Ai such that the splitting is extended and dominated on A := \~} n &f n (U). Take and fix 
C > C > C Let A := A(C) = e"*, A := A(C) = e" c " and define C := C(C, k, K) = {e^-C f } kK 
where Cf > 1 be a bound on the norm of the derivative Df. Let e^ = eo(A, A, C, K) and 
Ci = C(X, C, K) > be the eo and C as in Proposition 12.21 for this A. 

Note that dominated splitting is always continuous (see pj). So we can take 7 > 
small enough such that if for any x, y G A, if p(x, y) < 7, then for all 1 < i < K, 

C UC-Q^ \WW) II \\DfUx) || (c _fi 

Take a = min{r, 7}. If z G M and there exists pseudo-orbit fii}^^ satisfying rij > 
2fci^ and Xi,f ni (xi) G Ak(K, C)(Vi) such that z is a a-shadowing point for {xj, nj}^^. 
p{f Ci+3 {%)■> f^( x i)) < °" r implies that the orbit of 2 is contained in the r— neighborhood 
£/ of A x , and thus z G A. Since a*,/"^:^) G A fc (AT, C) and p(f Ci+j {z)J j {x i )) < a < 7, 
it is easy to verify, using inequality fl3.3|) . that z satisfies the condition as in Proposition 
12.21 for the above A and C. So by the choice of e^, the center stable and center unstable 
manifolds of all such points z above are the truth stable and unstable manifolds, and their 
sizes are at least e\. 

Using Corollary 12.31 for the above set A, there exists < e < min{eQ,eQ} such that 
for any < e < e , there exists 5 = 5(e) such that for any x,y G A, if p(x,y) < 6, then 
W^ s (x) and W^ u (y) are transversal and have a unique intersection point. Clearly, C can 
be chosen max{Ci, C2}. 

Since e < min{eQ, e^}, then for any < e < e , the center stable and center unstable 
manifolds of all x G A£(lf, £, a) are truth stable and unstable manifold, and their sizes are 
at least e. Note that Al(K, £, a) C A. Thus for any x, y G A£(if, £, °") ^ A, if 2/) < ^ 
then the stable manifold W^ s (x) and unstable manifold W^ u (y) are transversal and have 
a unique intersection point. □ 

Remark 3.5. The discussion of stable manifold for hyperbolic ergodic measures whose 
Oseledec splitting is dominated also appeared in [TJ. But the result in [TJ only gave the 
existence of stable manifold for a.e. points. Here in our paper we give the clear and 
definite block such that all points in the block have the same size of stable manifold and 
so do the (periodic) points nearby. These analysis will play crucial roles in the proof of 
Theorem 11.61 Furthermore, we point out that from the above proof, if a is small enough, 
one can get a more strong relation: A.%(K, £, a) C A(K',(') for some small (' > and 
some large K' . 
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4 (Exponentially) Shadowing property 



In this section we show exponentially shadowing property on Pesin blocks. 

Proposition 4.1. Assume A k (K, £) ^ for some k, K G N and £ > 0. TTien A k (K, £) 
satisfies (exponentially) shadowing property as the result (i) in Theorem M. ^( Replacing A T 
fry A k (K, () and replacing 8 T by some 9 > which is only dependent on (). 

Before proving that we need the shadowing lemma on nonempty Pesin blocks, which 
is obtained in [To] . 

Theorem 4.2. (Shadowing lemma) If A k (K, () ^ for some k, K G N and £ > 0, 
then A k {K, C) satisfies shadowing property in following sense. For V e > 0, t/iere exists 
5 > snc/i £/iai z/ a b~ -pseudo- orbit {xi, n^fj^^ satisfies rii > 2kK and Xi,f Ui (xi) G 
Ak(K, () for all i, then there exists a e-shadowing point x G M for {x^nj}^^. If 
further {xj,^}^^ is periodic, i.e., there exists an m > such that Xi +m = Xi and 
n i+m = Hi for all i, then the shadowing point x can be chosen to be periodic. 

Proof Note that every Pesin block in present paper is contained in the original Pesin 
set defined in [15] and every original Pesin set satisfies shadowing property. So every 
Pesin block in present paper also satisfies shadowing property. □ 

Remark 4.3. The shadowing can be Lipschitz shadowing. That is, there exists L k > 
0, 5k > such that for any < 5 < 5k if a 5-pseudo-orbit {x iy n^fj*^^ satisfies > 2kK 
and Xi,f ni (xi) G A k (K, () for all i, then there exists a /^-shadowing point x G M 
for {xi, rij}^^. The main observation is that the used technique is Liao's shadowing 
lemma [Tl] 14] for quasi-hyperbolic orbit segments and Liao's shadowing lemma is Lipschitz 
shadowing. So we can follow the proof of shadowing lemma in [15J to prove. Here we 
omit the details. 

Using Theorem 14.21 and Proposition 13.41 we start to prove exponentially shadowing 
property. 

Proof of Proposition 14.11 Let (, a — a(K,(,(,k) > 0,e = e(K, (, (,k) > and 
C = C(K,k,C,Q > be the numbers as in Proposition 13.41 Moreover, let A be the 
invariant set in the proof of Proposition 13 A\ which contains A* k (K, £, a). 

For any fixed rj G (0, a), take e = e(rj) > small enough such that 

diam(W e cs/cu (y) < ^ 

for all y G A. By Corollary 12 A\ for this e we can take b\ = b\(e) G (0,n) such that for 
x G A, if y G Wr(x) and p(f(x), f{y)) < h then f{y) G W^ifix)). 
For bi, take e* = e(&i) > small enough such that 

diam{W: s J cu {y) < ^ 
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for all y G A. Moreover, by Proposition 13. 4[ we can take b 2 = b 2 {e*) G (0, min{y, a}) such 
that for any x, y G AjJ(X, C, c) if p(x,y) < b 2 , then W™(x) and W e c "(?/) are transversal 
and have a unique intersection point. 

By Theorem 14.2} for b 2 there exists 5 = 5(62) > such that if a 5-pseudo-orbit 
{^i; ^iKt^oo satisfies rii > 2kK and Xi,f Ui (xi) G Ak(K, () for all z, then there exists 
a 62-shadowing point x G M for {xj, n^}^?^. If further {xi,rii}'^i 00 is periodic, i.e., 
there exists an m > such that x i+m = Xt and rij +m = for all i, then the shadowing 
point x can be chosen to be periodic. We only need to prove for orbit segment {x ,n }, 
{x,no} is exponentially shadowing {xq,uq}, since the others are similar. That 62 < o~ 
implies x G A* k (K, £, a). Notice that p(x ,x) < b 2 and x G A k (K,() Q Aj^if, £, <r). So 
W™(xq) and W™(x) are transversal and have a unique intersection point y G M. Since 
x G A^(K, C, cr) and y G W^f (2:0)3 by Proposition 13.41 we have 

p{f(xo), f j {y)) < diam{f n W e c ;(x )) < Ce^diam{W e c ;{x )) < |e^, j = 0, 1, • • • , n Q . 
Combing this inequality with p(/ J (xo), f^(x)) < 62 < J = 0, 1, ■ • • , n , we have 
P(/ J (*), /%)) < p(/ J "(*o), + p(P(x ) } P(y)) < h, j = 0, 1, • • • , no. 

From the choice of b x and P(x) G fi(A* k (K, (, a)) C p(A) = A, by induction it is easy 
to get y%) G W / " e c "(/ i ( a; )) j = 0, 1, • • • , no- Note that / n °(x) is also in A* k (K, (, a). Using 
f n °(y) g W e cu (/ n °(a:)), by Proposition E3 one can get 

p(P(x),P(y)) < diam{f^°- j) W^{x )) < Ce-~^ n °-^ diam(W™(x )) < | e - c >°-^, 

j = 0, 1, • • ■ ,n . So 

p(/'(x„), /'(*)) < p(/'(x ), P(y)) + pi/M./'S. /•'(//)) 

< (| + y) max{e- ?_i , e - c " (n °- j) } < r/max{ e - 6 ', e"^ "^}, j = 0, 1, • ■ ■ , n . 
Take 6 = ( and we complete the proof. □ 



5 Proof of Theorem 1.3 



In this section we show a theorem that there is Pesin set with measure arbitrarily close to 
1 and after that we combine Proposition 13.41 and Proposition 14.11 to prove Theorem 11.31 
Now we firstly state the theorem about the existence of arbitrarily large-measured(close 
to 1) Pesin set. 

Theorem 5.1. Let us make the same assumptions as in Theorem \l.'J[ Then 

u(U c>0 U KeN A(K, 0) = 1. 
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If further all the Lyapunov exponents of jj are far from zero, then there exists Co > such 
that for all ( £ (0, Co) 

(i{U Km A{K, 0) = 1. 

Moreover, if /x zs ergodic, then there exists K £ N, Co > snc/i iTiai /or all K > K , ( £ 
(0,Co),/i(A(^,C)) = l. 

To prove this theorem we need a lemma as follows. 

Lemma 5.2. Lei / £ Diff 1 (M) preserve an invariant probability measure fx, and E C 
TM be a D f —invariant subbundle defined over an f —invariant set with \x full measure. 
Let \%{x) be the maximal Lyapunov exponent in E(x) of the measure fi. Then, for any 
t > 0, £ > there exist an invariant set B T}£ with /i(£? Ti£ ) > 1 — r and an integer K T£ 
such that for every point x £ B Tt£ and any K > K T£ , the Birkhoff averages 



±jr*> g \\DfX\ E(fi K 



IK 

3=0 



(x))\ 



converge towards a number contained in [X%(x), + £), when I — > +oo. 

The similar property holds for the minimal Lyapunov exponent. 

Remark. The ergodic case firstly appeared in [I] and and the ergodicity is useful in 
their proof. And similar results can be hold for continuous linear cocycles on homeomor- 
phisms(even continuous systems). 

Proof By Oseledec Theorem, one has 

lim^ +t3C / _ X + E (x)\dfi = f lhm_ +00 _ \+( x )\ d p = 0. 

We can always assume that following limits exist since they always exist for /i a.e. For 
any e > and r £ (0, 1), we can take large K\ such that f h(x)dn < where 

Since \i is f Kl invariant, | X^i=o h{f lKl { x )) converge a.e. to integrable nonnegative func- 
tions h*(x). Also h*(f Kl (x)) = h*(x) a.e. and / h*(x)dfx = J h(x)dfi < re. We set 
B 1 = {x £ M\h*(x) < e} and claim /i(£?i) > 1 — r. In fact, if fi(Bi) < 1 - r, 
then Jh*(x)d/j, > f M , Bi h*(x)d/j l > efi(M\B i) > re, a contradiction to the inequal- 
ity J h*(x)dfi < re. 
Let 

L? r , £ := BtU f(B 1 )U ■ ■ -U f Kl (B 1 ), 

then fB TjE = B TJ£ and /i(£? TjE ) > /i(-Bi) > 1 — r. For if > 1 and x £ -B T>£ , one decomposes 
the orbit segment of length K of x as (x, f(x), ■ ■ ■ , / J ' -1 (a;)), (ft(x), ■ ■ ■ , / 3 ' + ( r ~ 1 ) JCl_1 (a;)), 
and (/ i+(r ~ 1)Kl (:r), ■ ■ • , /^(z)) such that < j < K 1} j + rK 1 > K and all the pints 
f i (x),p +Kl (x), ■■■ , f j+rKl (x) belong to One deduces that 
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Hence, for x G B r e one has 

r-2 

log \\Df K \ E{x) \\ < 2K, ■ C f + J>g \\Df K % ifj+sKl{x)) \\ 

s=0 

where Cf = max(\og \\Df\\, log 

The point f^(x) G B\ implies that the average 



I fe-i 

— J2^g\\Df K % {P+l K 1{x 



kK x 
1 1=0 



)) 



converges to a number in [X E (x), X E (x) + |). Hence 

fc— 1 fc— l 

'2Li^E 1 <*P>/ J W<.»ll 2?^+ Km r^E^H^'l^ 



fc-^+oo fcit" ^— ' if fe^+oo kKi 

1=0 1=0 





Therefore, taking K T£ = 4Kl ' c f anc l f or a \\ x > K T£1 one gets 



I fc-i 



fc->+oo kK 

1=0 



On the other hand, by sub-multiplications of the norms, we have 
fe— l 

1=0 



So we complete the proof. □ 



Now we start to prove Theorem 15.11 

Proof of Theorem 15.11 Let X s {x), X u (x) denote the maximal and minimal Lyapunov 
exponents of E s (x) and E u (x) respectively for \i a.e. x. Notice that 

//( U ?>0 {x G M I X s (x) < -3C, X u (x) > 3C} ) = 1 

and 

/i( U ?>0 U So >i{x G M I i log l|D n / ^ Sfa)l ' < -2C, G Or6(x) 5 > S Q } ) = 1. 

So for any r G (0, 1), we can take small ( > 0, large So an d Ai with /i(Ax) > 1 — | such 
that if x G Ai then A s (x) < — 3£, A u (x) > 3£ and 

^ log "f n Clf fa) l < - 2 C> G Or6(a;) 5 > S . 
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On the other hand, for e = £ in Lemma 15.21 we can take an invariant set A2 = B^ e 
with yu(A 2 ) > 1 — \ such that A 2 satisfies the result of Lemma 15.21 for both bundles 
E s (x) and E u (x). More precisely, there is Kz e such that for every point x G A 2 and any 
K > Kr jE , the Birkhoff averages satisfy 

1 i_1 

, lim Z^^glP/^U'C/^Ca:))!! <A s (x)+e 
3=0 

and 

1 

, lim T^y2 l °S m ( D f K \E-(P K (x))) > K(x) -e 
1^+00 IK 

3=0 

Take A r = Ai fl A 2 and K T = max{S"o, Kr^}. Clearly /i(A r ) > 1 — t. Then for every 
point x G A T and any K > K T , we have 

1 1-1 

, lim T^y^^gll-^/^U'f/jXfa:))!! < K{x) +S < -2C, 
(— >+oo til ' * 
3=0 

1 ^ 



and 



3=0 



1 lQ g j^TTT^ ^ " 2 C> v 2/ e Or6(z), L> K. 
\F(y)) 



Obviously the last inequality is same as condition (c) in the definition of Pesin set A(K, (). 
Since conditions (a) and (b) in the definition of Pesin set A(K, Q are same as in [15], using 
the same discussion as in [15] we can get 

A T C \jA k (K,C) 

k>l 

and then A r C A(K,Q{ Note that both A T and A(K,() are invariant). This process is 
easy, only based on the definition of the above two limit inequalities, and here omit the 
details. 

By the arbitrary choice of small r we complete the proof. □ 



At the end of this section we prove Theorem 11.31 

Proof of Theorem 11.31 Fix r > 0. By Theorem 15.11 we can take ( > small enough 
and K large enough such that n(A(K, ()) > 1 — r. Let 

A r = A(K, C). 

Then by Proposition S3 and Proposition EEJ take 6 T = 0(C) > 0, T T = 2k K G N and 
thus A T is the needed set. □ 
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6 Proof of Theorem 11.61 and 11.8 



In this section we use Theorem 11.51 to prove Theorem 11.61 and 11.81 Note that different to 
Katok's (shadowing and) closing lemma, the length of every pseud-orbit segment in the 
present paper must be larger than T T and thus we must take care when we use (shadowing 
and) closing lemma. Firstly, we prove Theorem 11.61 

Proof of Theorem 11.61 The proof is an adaption of [16j. Since hyperbolic measure 
can be always divided into at most D = dim(M) hyperbolic measures with fixed indexs, 
we can assume p is hyperbolic measure with fixed index. 

Let x G supp(p) and let rj > be small enough. There exists a positive number r small 
enough such that p(B(x,r}/2) fl A T ) > 0. By Theorem 11.51 we can take a > such that 
the stable and unstable manifolds of A* (a) defined in Theorem 11.51 have the same uniform 
size. Let 5 > be the number such that if x, y G A* (a) are 5 close, then their stable and 
unstable manifolds are transversal. Let T T be the number as in Theorem 1 1 . 5 1 which is only 
dependent on A*. Now let r > be an arbitrary small number, with r < min{r//2, a, 5/3}. 

Pick a set B C B(x,r]/2) fl A T of diameter less than = /3(r, r) (as in Theorem IX . 5j) 
less than r and of positive measure. Let x\ G B be a recurrent point (by the Poincare 
Recurrence Theorem), and n(x%) > T T a positive integer such that f n ^ Xl \x%) G B. Since 
p(xi, f n ( xi '(xi)) < j3, in applying Theorem 1 1.5 1 we obtain that there exists a periodic point 
Z\ of period n{x\) such that p(f l (xi), f l {zi)) < r < min{r//2, a}, < i < n{x\) — 1. This 
implies that Z\ G A*(cr) and p(x, Z\) < rj. 

We will prove that /i-almost every point of B belongs to W u {z-i). For that, let y G B be 
a Borel density point, and let r' > be small enough such that r' < r/2, p(z±, y) > r' and 
fj,(B n B(y, r'/2)) > 0. Pick a set B C B HB(y, r'/2) of diameter less than (3 = (3(k, r'/2) 
(as in Theorem 11.51) and of positive measure. Let X2 G B be a recurrent point, and 
n(x 2 ) > T T a positive integer such that f n( - X2 \x 2 ) G B. Since p(x 2 , f n ^ X2 \x 2 )) < (3. Since 
p(x 2 , f n ( X2 \x 2 )) < (3, in applying Theorem [T75] we obtain that there exists a periodic point 
z 2 of period 71(0:2) such that p(f l (x 2 ), f l (z 2 )) < t'/2 < r < a, < i < n(x 2 ) — 1. This 
implies that z 2 G A*(cr) and p(y, z 2 ) < p(y,x 2 ) + p(x 2 , z 2 ) < r', thus Z\ 7^ z 2 . 

Note that 

p{zi, z 2 ) < p(xi, Zi) + p{x u y) + p(y, z 2 ) < r + r + r' < 3r < 5. 

By the choice of S, the stable (unstable) manifold W s ' u {z\) and unstable (stable) manifold 
are transversal. So z\ has homoclinic point and hence there exists horseshoe. 
Let w be a transverse intersection point on W u (zi) and W s (z 2 ). By the Inclination 
Lemma(see e.g. [S]), we have that W u (zi) accumulates locally on W u (z 2 ). Indeed, let 
be a common period for z\ and z 2 . The points Z\ and z 2 are hyperbolic fixed points for 
/ with w a transverse intersection point of W u {z\) and W s (z 2 ). The images under / 
of a ball around w in W u (z\) = f N W u (zi) accumulate on W u (z 2 ). Hence 

p{W u ( Zl ), y) < p(W u ( Zl ), x 2 ) + p(x 2 , y) < r' 



for all t' > 0. This implies that y G W u (zi), for all Borel density points y G B. Therefore 
p(W u (z 1 )) > p(B) > 0. 
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Since the hyperbolic periodic point z\ is such that p(x, z\) < 77,, where x is an arbitrary 
point of supp(p) and rj > is arbitrarily small, we obtain that the support of the measure 
/i is contained in the closure of all hyperbolic periodic points with p(W u (zi)) > 0. □ 

Secondly, we start to prove Theorem 11.81 

Proof of Theorem 11.81 The proof is an adaption of [H [TUl E] and here we only prove 
the ergodic case similar as Theorem 15.3.1 in [3]. Then there is x G supp(p) such that 
supp(p) = orb(x) (In fact this property holds for p a.e. x, see Theorem 5.15 in [H]). Given 
t > and let A T be as in Theorem 11.51 We may assume that supp(p) = orb(x) for some 
x G A T and that for every r > 0, the intersection orb(x) fl A T is dense in A T . Let T T > 
is the number only dependent on r in Theorem 11.51 Set ip = and 

n-l 



^(H*)) = E>(/*G«0) 



k=0 

for each n G N. To extend ip continuously to A T we show that ip is uniformly continuous 
on orb(x) fl A T . For any r\ > 0, let /? = (3(t, 77) > be as in Theorem 11.51 

Firstly, we consider 71% > n\ satisfying ri2 — n\ > T T , f ni (x), f n2 (x) G A r and 
p(f ni (x), f n2 (x)) < (3, then by Theorem 11.51 there exists a hyperbolic periodic point 
z with period n 2 — n\ such that 

p(f j (f ni (x)), f(z))< V -e~ min ^- n ^, 

where j = 0, 1, ■ • • , n 2 — rii — 1 and 9 T > is the number only dependent on r in Theorem 
11.51 Since (p is Holder continuous, 

\<p(x) - <p(y)\ < Cp(x,y) K 

for some C > and < k < 1, and we obtain 

\<f(f j {f ni (x)) ~ <f{f j (z))\ < Crf ■ e -«™{3."a-«i-J}«r. 

Thus, 

mr(x))-^(r(x))\ 

i=ni i=ni 

«2— ni — 1 ri2— ni- 1 

< Cr] K - E max{e-^,e- (n2 - ni " j)K ^} + I E 

j=m j=ni 

< Ct] k N 

for some constant > independent of ri\ and n 2 . 

Secondly, we consider n 2 > rii satisfying f ni (x),f n2 (x) G A r and p(f ni (x), f n2 (x)) < 
|. Since orb(x) fl A T is dense in A T , then we can take large enough such that ^3 — 
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m > n 3 -n 2 > T T , f n *(x) € A r and p(f m (x), f ni (x)) < f. So p(f n3 (x), f n2 (x)) < 
p(f na (x), f ni (x)) + p(f ni (x), f n2 (x)) < (3. Thus by the above discussion, we have 



and 

Therefore, 



\i>(r(x))-il>(pi(x))\<C V K N 

mr(x))-^(r(x))\<c v K N. 

mr(x))-^(r(x))\ 

< mr(x))-^(r(x))\ + mr(x)) -^rm 

< 2Cr] K N. 

This shows that we can extend ip continuously to A r . Now we extend ip to U^ /*(A r ) as 
follows. If y E /(A T ) \ A r , then let 

and we use the same expression for all y G U" = jo L /*(A T )\U^ / l (A r ). Since /x(U^ / l (A r )) = 
1, the function ip is defined almost everywhere and clearly satisfies the needed condition. 

□ 



We point out that the stable manifold is useless in the proof in Theorem 11.81 and 
exponentially closing plays the crucial role. 
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